This article proposes to use the idea of equivalent impedance to investigate the electrical response of an array of piezoelectric oscillators endowed with distinct energy harvesting circuits. Three interface electronics systems are considered including standard AC/DC and parallel/series-SSHI (synchronized switch harvesting on inductor) circuits. Various forms of equivalent load impedance are analytically obtained for different interfaces. The steady-state response of an array system is then shown to be determined by the matrix formulation of generalized Ohm's law whose impedance matrix is explicitly expressed in terms of the load impedance. A model problem is proposed for evaluating the ability of power harvesting under various conditions. It is shown first that harvested power is increased dramatically for the case of small deviation in the system parameters. On the other hand, if the deviation in mass is relatively large, the result is changed from the power-boosting mode to wideband mode. In particular, the parallel-SSHI array system exhibits much more significant bandwidth improvement than the other two cases. Surprisingly, the series-SSHI array system shows the worst electrical response. Such an observation is opposed to our previous finding that an SSHI technique avails against the standard technique in the case based on a single piezoelectric energy harvester and the explanation is under investigation.
Introduction
Vibration-based piezoelectric energy harvesting has received significant attention recently due to the potential of high energy density capable of powering remote sensor nodes [3, 5-7, 16, 34, 42] . It is superior to other vibration-to-electricity conversions because of possessing high electromechanical coupling, no external voltage source requirement, and the ease of implementation in MEMS and nanosystems [12, 26, 27, 30, 32, 46] . Precisely, a real device includes oscillators for transmitting ambient vibrations to strain energy which is converted into electric energy through the direct piezoelectric effect. The harvested charges are accumulated through a suitable interface circuit and are presented to loads.
Typically, a power generator is designed as a resonant oscillator and the cantilever beam configuration is widely 1 Author to whom any correspondence should be addressed. chosen for transverse excitation bases [4, 11, 28, 35] . While such a design has enjoyed great success in power harvesting, there are two inherent drawbacks. The first is the small power area density, and therefore, the increase in harvested power requires enlarging areas which may be prohibited due to the limitation in the size of device. The second is the significant power reduction at off-resonance. This motivates a number of research efforts to develop an array of piezoelectric energy harvesters for power boosting and bandwidth improvement. Several research attempts have been carried out in designing multi-tier cantilever-beam-based power generators [8, 9, 36, 40, 43, 45] . However, their results either lack of analysis or are only valid for AC power output in spite of the ultimate need for DC output. Hence, there is a need for developing a suitable methodology to study this complicated problem [22] .
This article investigates the electrical behavior of an array of piezoelectric energy harvesters endowed with several interfacing circuits, including the standard AC/DC circuit and parallel/series-SSHI (synchronized switch harvesting on inductor) circuits. While the analysis of these interface circuits in the case of a single piezoelectric oscillator has been studied in several research works [1, 10, 15, 17, 18, 24, 25, 33, [37] [38] [39] 41] , the extension to the case of multiple piezoelectric oscillators has not been done yet. Here, we develop a methodology based on the idea of equivalent impedance to approach this problem. Notice that the use of impedance analysis and matching theory for optimal power transfer in the case of piezoelectric energy harvesting is not new and has been proposed by several research works. This includes the complex impedance analysis for AC power output [2, 20, 31] and the resistive impedance matching circuit for DC power output [13, 14, 29] . However, recently Liang and Liao [19] have pointed out that these studies either do not consider the real energy harvesting circuits or neglect the reaction of power conditioning circuits to the dynamics of the mechanical part. They have further provided an in-depth analysis accounting for these factors to study the equivalent impedance of a piezoelectric energy harvesting system. Our approach is similar to theirs except that they choose the first Fourier mode of circuit waveforms for impedance analysis [19] . As a result, the explicit expression of equivalent impedance is hard to obtain due to the difficulty in solving trigonometric equations. From this there also arises the problem of extending their approach to the case of multiple piezoelectric oscillators. On the other hand, we remove such an approximation on the circuit waveforms and derive the explicit expression of equivalent load impedance and, therefore, it is feasible to extend our approach to the case of an array of piezoelectric oscillators connected in parallel. Indeed, let the velocity vector and force vector both be multiplied by certain suitable constants analogous to the current vector and voltage vector, respectively. We show that they are related by the generalized Ohm's law whose matrix of impedance is formulated analytically in terms of the load impedance. The harvested average power generated by the array system is therefore obtained by inverting this matrix formulation.
Finally, a model problem consisting of three piezoelectric oscillators is proposed for investigating the ability in power harvesting for different interface circuits. The electrical response is shown to change significantly depending on the various extents of deviation in the system parameters of oscillators. It also varies dramatically for different choices of energy harvesting circuits linked to the system. A certain unexpected phenomenon is found and is in contrast with what was observed in the case based on the resonant vibration of a single piezoelectric oscillator.
Model
Consider an array of piezoelectric oscillators connected in parallel as shown in figure 1 . Suppose the parameters of each piezoelectric oscillator do not deviate significantly. Further suppose the modal density of each vibrator is widely separated and the array structure is vibrating at around the resonance frequency. In this case, we may model the array system as a mass + spring + damper + piezostructure with governing equations described by [37] 
where n = 1, 2, . . . , N and N is the total number of oscillators, u n the displacement of the nth mass M n , V p n the voltage across the nth piezoelectric element, F n (t) the forcing function applied to the nth oscillator and I n (t) the current flowing into the specified circuit. In addition, in equations (1) and (2), η n , K n , n and C p n are the mechanical damping coefficient, the stiffness, the piezoelectric coefficient and the capacitance of the nth piezoelectric oscillator. The forcing function F n (t) is assumed to be harmonic with w as the angular frequency (in radians per second) and τ n as the given phase shift angle. We also use F n as the magnitude of harmonic excitation to save notation in the future development. Next, as the array system is connected in parallel V p = V p n for all n. Thus, equation (2) can be rewritten as
where
Suppose the array of oscillators is connected to a standard circuit consisting of a rectifier followed by a filtering capacitance C e for AC/DC conversion, as illustrated in figure 1 (a). The terminal load is represented by a resistor R and V c is the DC voltage across it, as also shown in figure 1(a) . The rectifying bridge is assumed to be perfect here. Let I * 0 be the magnitude of I * (t) under the steady-state operation. Its relation with the DC voltage V c can be obtained by integrating the equation of charge balance from equation (4) over the semi-period of oscillation. This gives
Indeed, the derivation of equation (6) can be obtained following steps similar to those used in deriving equation (7) in [37] . The details will be revealed elsewhere [21] . Consider another case where the interface circuit is replaced with an SSHI circuit. It consists of adding up a switching device in parallel (series) with the piezoelectric array structure, as shown in figure 1(b) for parallel-SSHI and in figure 1(c) for series-SSHI. The electronic switch is triggered at the vanishing points of I * (t). As a result, this gives various degrees of inversion in the piezoelectric voltage V p (t). Following the techniques developed by [39] (see equation (12) therein) and [24] (see equation (13) therein), the magnitude of piezoelectric current source and the terminal DC voltage are related by
for the parallel-SSHI and
for the series-SSHI [21] . In the above, q I = e − π 2Q I and Q I is the electrical quality factor introduced in the SSHI circuits for measuring the extent of energy loss from the inductor in series with the switch [10, 39] . Finally, the harvested average power P is
and the goal here is to find out the explicit form of it for different energy harvesting circuits.
Idea of equivalent impedance
Consider a single piezoelectric oscillator endowed with a standard AC/DC energy harvesting circuit, as shown in figure 2(a) . Thus, N = 1 in equations (1) figure 2(b) [24, 39, 44] . The subscript 1 is neglected for simplicity. Let Z eq be the equivalent impedance of the circuit elements consisting of the piezoelectric capacitance C p and the harvesting circuit, as illustrated in figure 2(c) . Therefore, the voltage and current passing through Z eq are V p and u. They are related by
The steady-state solution of this circuit for F(t) =Fe jwt can be obtained by setting
where j 2 = −1. Substituting these two into equations (1) and (10) gives
where Z R and Z I are the real and imaginary parts of the complex impedance Z eq . Thus, the magnitude of displacement is
. (13) The determination of the impedance Z eq can be achieved as follows. First, the analytic steady-state solution of equations (1)- (3) for a piezoelectric oscillator connected to the standard interface has been proposed by Shu and Lien (equation (28) in [37] )
Thus, the comparison between equation (13) and equation (14) gives Next, if the interface circuit is changed to the parallel/series-SSHI, their associated equivalent impedance can be obtained following the approach similar to the previous case of a standard circuit. Indeed, the comparison of magnitude of displacement between equation (13) and equation (19) in [39] gives the equivalent impedance for the parallel-SSHI case
and the comparison between equation (13) and equation (19) in [24] gives the equivalent impedance for the series-SSHI case
Generalized Ohm's law
Let us return to the case of multiple piezoelectric energy harvesters connected in parallel. Suppose this array system is connected to a standard energy harvesting circuit as shown in figure 1(a) . Similar to the case of a single oscillator, its equivalent circuit model can be presented as in figure 3(a) , where
as inductance, C * n = 2 n K n as capacitance, and V n source = F n n as the voltage source [24, 39, 44] . Since all the oscillators are connected in parallel, the overall piezoelectric capacitance is C p = N n=1 C p n , as also illustrated in figure 3(a) . Following the approach developed in section 3, let Z eq represent the equivalent impedance of the elements consisting of C p and the energy harvesting circuit, as shown in figure 3(b) . This gives
where V p and ( N n=1 nun ) are the piezoelectric voltage and net current crossing Z eq whose expression is given by equation (15) for the standard interface.
To solve the steady-state solution under the excitation function F n =F n e j(wt+τ n ) , set u n =ū n e j(wt+τ n +θ n ) where θ n are the unknown phase shifts. Thus, from equation (1) and equation (18), we have
w nūn e j(τ n +θ n ) Z eq =F n e jτ n n .
If we setV n =F n e jτ n n ,Î n = jw nūn e j(τ n +θ n ) ,
this gives the generalized Ohm's law in the matrix form,
whereẐ is the generalized impedance matrix given bŷ
Note that from equation (5),
jw nūn e j(τ n +θ n ) e jwt . Hence from equation (6) 
where eachÎ n is obtained by inverting the matrix formulation of the generalized Ohm's law in equation (21) . The harvested average power P is therefore obtained through equation (9) . Although the standard interface is chosen to illustrate how to apply the idea of equivalent impedance to study the steady-state response of an array system, it is clear this approach works for other interfaces such as SSHI circuits. Indeed, the generalized Ohm's law in equation (21) and equation (22) remains unchanged except that Z eq is replaced by Z P−SSHI eq in equation (16) for the parallel-SSHI case and replaced by Z S−SSHI eq in equation (17) for the series-SSHI case. Therefore, from equation (7) and equation (8), the harvested DC voltage is
for the series-SSHI.
Results
The proposed estimates have been validated numerically through the conventional PSpice circuit simulation [23] and, therefore, provide a valuable tool for design analysis. To illustrate this, a model problem is proposed for evaluating the ability in power harvesting under various conditions. Consider a device consisting of three piezoelectric oscillators connected in parallel. Suppose they have identical system parameters except for different magnitudes of mass; i.e. M n = 0.006 514λ n kg, η n = 0.126 28 N s m −1 , K n = 481.207 N m −1 , n = 0.001 587 N V −1 , C p n = 45 nF, F n = 0.045 79 N, τ n = 0 and q I = 0.3. The parameter λ n denotes the different degrees of deviation in mass. Three cases of different combinations of λ n will be studied next. Before doing this, note that the electrical response of a single piezoelectric oscillator connected to the standard/parallel/series-SSHI circuits has been evaluated in [24] and therefore, their comparisons are briefly summarized below. The magnitudes of peak power are around 1.8 mW and are almost the same in these three cases since the electromechanical coupling of the oscillator is in the medium range (
for λ n = 1). In addition, both parallel-SSHI and series-SSHI systems exhibit wider bandwidth and therefore show advantage over the standard circuit system (for example, see figures 6(b), (e) and (h) in [24] ). Consider the first case where there is no deviation in mass; i.e. λ 1 = λ 2 = λ 3 = 1. The results are shown in figure 4(a) (parallel-SSHI circuit), figure 4(b) (standard circuit) and figure 4(c) (series-SSHI circuit) where power is shown against frequency under various resistive loads. Obviously, there is a significant rise in harvested power which is boosted three times higher than that based on a single piezoelectric oscillator. The optimal load can be further shown to be reduced to one third of the original one in each case.
Next, consider the case where the deviation in mass is around 5%; i.e. Three observations are drawn from this simulation. First, the magnitude of optimal power is reduced to 2.5 times larger than that based on the resonant vibration of a single piezoelectric oscillator. Second, the parallel-SSHI array system exhibits a flat region in the frequency domain. In other words, it enjoys bandwidth improvement in power harvesting. However, such an effect is not obvious in the series-SSHI system. Third, figure 4(e) reveals that the peak power of the standard system is achieved at the driving frequency excited around 45 Hz which is close to the largest resonant frequency of the oscillator (λ 3 = 0.95). Such an observation reveals an important message for the design analysis of optimal power.
Consider the final case where the deviation in mass is large; i.e. λ 1 = 1.09, λ 2 = 1 and λ 3 = 0.91. The natural frequency of each piezoelectric oscillator is 41.4 Hz, 43.3 Hz and 45.4 Hz, respectively. The results for parallel-SSHI, standard and series-SSHI array systems are shown in figures 4(g)-(i), and they deliver other important messages for system design. First, the effect of power boosting is reduced and the optimal power is only 1.8 times larger than that based on a single piezoelectric energy harvester. But both the standard and parallel-SSHI array systems exhibit various extents of bandwidth improvement in power harvesting. Indeed, the standard circuit array system shows roughly three different peaks of power corresponding to the distinct resonances of component oscillators. The maximum of these peaks is driven at around the largest resonant frequency of the oscillator (λ 3 = 0.91). On the other hand, the parallel-SSHI array system exhibits a remarkable wideband effect in power harvesting. Finally, much to our surprise, the present series-SSHI array system shows an unexpected electric response. In fact, under the assumption of ideal diodes, SSHI systems based on a single piezoelectric oscillation have been shown to possess much wider inherent bandwidth than the standard circuit system [24] , but such an ability of bandwidth improvement turns out to be lost in the series-SSHI array system. The explanation is unknown and is under investigation. 
Conclusion
This article investigates the electrical response of an array of piezoelectric oscillators connected in parallel and attached to various energy harvesting circuits, including the standard and parallel/series-SSHI interfaces. The methodology is based on the consideration of impedance of piezoelectric capacitance coupled with different interfaces. The main result is the formulation of generalized Ohm's law in equation (21) whose impedance matrix is derived explicitly in terms of load impedance as in equation (22) . The system behavior is then determined by the inversion of this matrix formulation.
A model problem based on an array of three piezoelectric oscillators is proposed for the performance evaluation of power harvesting for different interface circuits. First, DC power output increases significantly if the deviations in the system parameters are small. However, if the deviations are relatively large, power output changes from the power-boosting mode to wideband mode. In addition, the parallel-SSHI array system exhibits much more significant bandwidth improvement than the other two cases. Surprisingly, it is found that the electrical response of a series-SSHI system does not outperform the standard circuit system. Such a result contradicts what we observed in the case of a single piezoelectric energy harvester.
